DETERMINATION OF TIME OF SOIL FREEZING BY
METHOD OF CONCENTRIC ISOTHERMS

M. N, Shafeev, V. I. Metenin, UDC 536.421.4
and A, T, Shmarev

A technique of determining the time of artificial freezing of soil in the presence of non-
stationary temperature fields in the zones of freezing and cooling is discussed.

Two zones are formed in artificial freezing of soil around a hole:
1) an ice zone I with variable outer surface, on which the soil temperature is equal to 0°C;

2) a zone of cooled soil II, outside which the true temperature of the soil is observed within the ac-
curacy of the measurements (+2°C). The temperature fields in these zones are formed practi-
cally by heat conduction.

Assuming zones I and II to be thermally isotropic, neglecting the effect of variation of layer pressure
on the temperature variation, and taking the thermophysical parameters of the cooling agent and the soil to
be constant, we have constructed the temperature fields [1] in these zones from the solution of the equa-
tions

G r@ﬂr»_ﬂ), — 1,2 v>0,
dt r or or (1)
Ri<r<t for k=1, E<Cr<<R, for k=2,
with the initial condition
tk(r: O):tg, k'—”l, 2 (2)

and the boundary conditions
LRT) = tc' L,(E 1 =0, LRy, 1) =4,

3
>0, k=1, 2. @

If we introduce the nondimensional radius m = r/R,, the problem (1)-(3) reduces to the solution of the
equations

dym ) a4 0 mw} E=1 2 t>0
dt m om om ’

(4)
l<m<<my for k=1, m<<m<tmm, for k=2,
with the initial condition
to(m, Oy =t, k=1, 2 (5)
and the boundary conditions )
LA, 1) =1, b (my, T) =0, t,(m, my, T) =1l

6
>0, k=1, 2, ©

where
mI::——-; m. :-R?__
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TABLE 1. Thermophysical Characteristics of Soils
-1 “11y .. "1
Soil W, o 0+ 4186871, A2 1,1637,%,°1,16871 | B, a1 az
* kI/kg W/m-deg |W/m-deg | kg/m’ | m*n | mim
Sand 23 80 2,7 l 2 108 0,0045 | 0,003
Clay 23 80 1,6 ] 1,32 108 0,00234 | 0,00165
Alluvial y
rocks 22 80 2,34 1,7 108 | 0,00362 | 0,00357
T For the solution of the problem (4)-(6) we use the method of solu-
tion of the problem (1)-(3) described in [1].
0 As a result the temperature fields in zones I and II for the case of
nondimensional radius m are given by the formulas
::g t.ln m
m
‘/0 I —— 1
tl (my T) ll'l ml
\-4-.‘_\4
L\LLJ © )
. ~ +2 E — {{Jy (mx,) Y, (myx
20 0 i 2D (X, M) {l o n) o (myxy)
’\s\ ,
— Jo (myxn) Yo (mix )] (6 — 1) — f [, (mx,) Vo (x,)
30
2REB2 7 ¢ m — Jo () Y (mx)]} exp (— ayxn ), 7
Fig.1l., Temperaturedistri- m
bution (°C) for alluvial sedi- In m
ments forty=10°C: 1) for ty(m, ©) =1, Tnm,

m; = 1.6 and t¢ = -30°C; 2) 5
my =2andte = —30°C; 3) my y 1 J ( m
= 1.6 and te = —20°C; 4) m, "y D (g, m) L\ my

= 2,0 and to = —20°C; 5) my
m Yn
Yn eXpl—y——
my m,

=1.6 and tg = —10°C; 6) m,
=2.0 and t, = —-10°C.

Jo () Yo (myx) — Jy (myx) Y (x) = 0;
Jo () Yy (myg) — J, (my) Y, () =0;

D (%5, ml) = mlc (,xnr ml) - A(xn’ ml);

yn) Y, (mayy)

)Z%TJ , (8)

Il

- Jo (mzyn) yo (

where x4 and y, are the roots of the characteristic equations

Dl (Yns mz} = mzA (ym mz} —C (gn’ m‘.’);
C(ns ty) = Jy (my,) Yo () — Ty (x,) Yy (my,);
A (*n, my) = Jy (x3) YO (mlxn) - Jo (m,x,,) yl (xn);

Jy and Yy are Bessel functions of the first and second kind and of order I (I = 0, 1).

From formulas (7) and (8), and the data of Table 1, we determine the temperatures in zones I and II
for sand, clay, and alluvial rocks.

The results of the computations are given in Table 2 and Fig. 1.

In the construction of the temperature fields in zones I and II for a hole of radius R, the quantity aj
(k =1, 2) in formulas (7) and (8) must be replaced by ay/Rj.

The problem of determining the freezing time of soil 7 has been so far solved only for the case of a
homogeneous stationary temperature field. We solve this problem for the case of nonstationary tempera-
ture fields (7) and (8) in zones I and II. Such an approach toward the determination of T requires extremely
complicated mathematical operations and laborious computations. Therefore we propose the method of
concentric isotherms for the solution of this problem. The essence of the method is the following, Solving
the equation

[M ot (m, W), Oh(m 1)

dm, (7) :
9 = W Bkt SN »
om ) am ],,mm, op d ©)

T

349



TABLE 2. Variation of Temperatures in Zones I and U for t; = 20°C

and tg = —20°C

Soil m my=1,6 m my=2
I —15,8 —17,3
1l 1,1 —15,9 1,1 —17,3
111 —15,9 —17,3
1 —12,2 —14,7
1l 1.2 —12,2 1,2 —14,7

111 —12,2 —14,7
1 —8,8 —12,4
Il 1,3 —8,8 1,3 —12,4

I —8,8 —12,4
1 —5,67 —10,3
It 1,4 —5,67 1,4 —10,3
I —5,67 —10,3
I —2,4 —8,3
Il 1,5 —2,4 1,5 —8,3

1M —2,4 —8.,3
1 +10,98 —6,4
1 3,2 -+11,0 1,6 —6,4

IiI +10,45 —6,4
I +14,75 —4,7
1I 4,8 114,75 1,7 —4,7

I 14,55 —4,7
I +15,13 ~3
1 6,4 415,12 1,8 —3
111 15,21 —3
I —1,5
1 1,9 —1,5
I —1,5
1 412,58
11 4 411,54
11 +11,98
1 +16,61
1l 6 15,97
1 416,25
1 419,71
11 8 -+19,31
I +19,51

Note: 1) Sand; II) clay; III) alluvial sediments.

we obtain a formula for determining the freezing time of soil for

k k41
14— L1422
+ 10<m1\ + 10 *

kE=0,1,2 3,45 6,7 8, 9

Differentiating formulas (7) and (8) with respect to m we find the temperature gradients in zones I

and II for m = my:

at1 (myT) — tc ) E E1 (% my, t, 0) exp (___ a1x121 1:),
om my lnm, promy
2
at?j (1) = fo + 2 2 EyUn, myexp| — '2‘,1') an i,
om my lnm, m, e my

where

(tc_’ to) B (xn- ml) -+ toc (xm ml) .
D ()Cn, ml) '
1
— C(ym mz) ’
: A (yn: mz)
B (X, my) = Jy (mx,) Vo (myxn) —Jg (myx,) Yy (mgx,).

E) (xp, my, £, 0) =

Ez (ym mz) = =

(10)

Making use of equation (10), and using equation (9) we find the rate of freezing of the soil from the

following:
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. dm, (3 \
500 mu ’_j‘r‘_“ =—A (my, my) +2m17”12 Ey (e, my, T exp(— allet)
!/ =1
600 \ 2
/2)/ —2%2 Ey (4, my) expg:—( izn ) aﬂ], (11)
n=1 1 -
400 //
/ 5 where
5
200 4
é/% Almg, my) =L Js oy o,
7 Inm, Inm,
g
/ 2 14 o 8 Ty On the basis of experiments Kh. R, Khakimov [2] has
Fig. 2. Variation of freezing time (1) of assumed that 4,5 = m, = 5, In view of this taking m, =5
alluvial sediments as a function of m, for we rewrite Eq. (11) in the form
different values of tyandte: 1) te = —10°C, dr " a2)
ty=10°C; 2) te = —10°C, t; = 20°C; 3) te dn Sty om g
= —20°C, t, = 20°C; 4) tg = —20°C, t,
=20°C; 5)te = —30°C, t;=10°C; 6) tc where
= —30°C, t; =20°C; 7)tc=—30°C, t, :
~10°C. S(my, tegr @) = — {A (my)
my
- . d 2
—_ 2m17»12 Ey(x,, fiy, £ 0)eXp(— ax;1) + 2ok, E E,exp [-—- ( In ) agr}} ; (13)
n=1 n=1 m,

A (ml) = [A (ml? m‘l)]m,=5 '
Ez = [Ez (ym mz)]m,=5'

We solve Eq. (12) by the method of power series, i.e., in some neighborhood of each fixed value m;
= my o we shall seek the solution of this equation in the form

wm) =+ 3 ) (19
k=1 :

where
To =T(Myo); Amy = m; —my,.
The investigated method of concentric isotherms depends on the rapid convergence of series (14).
Restricting series (14) to the first three terms we obtain the following formula to determine the

freezing time of the soil for m = my:

2 -
T () = T — 2,Am, - % (Am)) {Al — 2 E[ (alxi,o 2

n=]

2&1)(,21 0Ty My, -+ 1 1 ) (0)
: —. 4 pP,— E
T 1 e — 0D 0T T
X, 0ts Py ] . 2 2E0M, 2 agyrzz Y 2
— 800 dexp(— a0 T) - —22 —=— (21, + my02) — 1 | Ejexp | —a, | —22—
(M0—1) Dy P (— ay%z0 Ty) m% ) L m%,o (215 4 1,4 2y) zexp[ a.( m ) To]} , (15)

where

uo . . . 0 . . .
2 = s So=8{Myg I, g G0 E" = E (xn, 00 mygs &, o)
0

Dy =D (xn, 00 My,e); Py=Pxn o5 myy);
_fM (I +Inmy)  thy

A, 5 ;
(my o Inmy o) miolnb

Xp,o are the roots of the equation
p (xm ml) = JJ_ (mlxn) Yl (xn) - Jl (xn) Yl (mlxn);

Jo () Yo (myg; %) —Jo(my 4 %) Yo(x) =0.
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TABLE 3. Freezing Time of Soil in Hours as a Fuaction of my

my Ty—2gAmy A B T(my}
1,1 0,049 0,527 —2.10-6 0,576
1,2 1,14 0,237 —10-4 1,37
1,4 3,6 0,131 —10-2 3,73
1,5 5,596 0,156 —0,002 5,75
1,6 8,682 0,226 —0,004 8,904
1,7 12,563 0,280 —0,006 12,837
1,8 17,297 0,3035 —0,0075 17,593
1,9 22,856 0,320 —0,009 23,187
T The error & due to discarding of the fourth and higher
600 Vi terms in series (14) is estimated as
G
T m
g = Z ( 1. O) (Am )
k=3 k'

P : i
/ﬁ/’g ;ITW(’" )ll Ll ]< E]Okk!

g__-l-g

/ 12 4 16 18 m, ®
M ] M
Fig. 3. Variation of freezing time () of <4,103 408~ 39.10° << 0.00026M,
different soils as a function of m, for F=
ty = 20°C and t; = —20°C: 1) clay; 2)sand; since (Ami)k < 10‘k, and k! > 4k for k = 3; here
3) alluvial sediments. dbt(my,) |

M >

|4 (__ § )
dmj l dmj S My T, 0, @10

Hence by virtue of the relatively small rate of variation of the derivatives the error & will be quite small
and will have practically no effect on the results of computation of .

In practice formula (15) can be restricted to the first two terms of the series contained in if, since
due to the presence of the exponential terms exp (—a;x37) and exp [- (yn/m,)%a,7] all the terms of series (14)
with the exception of the first two are close to zero.

For m = 1 the temperature t; gets established suddenly at the initial instant, In view of this the rate
of freezing of the soil at this instant will be infinitely large (this fact is also reflected by Eq. (9)). There-
fore, in the determination of 7 for 1.001 < m =< 1,01 we assume that in the first term of (15) 7(1.001) = 0.
In view of the smallness of R/1000 (for example, for R; = 107 mm this ratio is 0.107 mm) the error due to
this assumption will not affect practical computations,

It follows from formula (15) that the increase of the freezing time of the soil
Aty = T (my) — T {my,p)

is directly proportional to u = pcW. But o and p are practically constant quantities: o = 335 kJ/kg and p

= 1000 kg/m3, Hence A7, will be directly proportional to the moisture content of the soil W. Therefore it
is sufficient to calculate 7 from formula (15) for a given value of W,and for the remaining admissible values
of W this result can be extended according to the rule of direct proportionality of the quantities A7, and W,

As an example we calculated the freezing time of soil from the following data: t; = +10°C, tc = —40°C,
Ay =1.74 W/m-deg, A, =1.28 W/m-deg, a;=10"° m%/h, a,=10"% m*h, W =10%, o= 335kJ/kg, p = 1000
kg/m®, The results of the computation are given in Table 3. Here

2 o
A= Amd {Al — 2\ E [(alxi,o Z,
2p

n=1

2a,%7, 0y my, e+ 1 1 ) © %, 0o Py . }
: oPp——— E et | @XP (— Ay X, 0Tp)} »
+ ml,o""l (ml o—l)D 0 ml,l) 1 + (mljo—*l)DO p( 1 0 0)
/ 2
B 2lh_ E[“ﬂy"@"ﬁml 22 _ I]Egexp[—az( I )rn].
umi o o mi o my o
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Analyzing the results of computation of 7 we arrive at the following conclusions:
a) if in formula (15) we discard the terms
2 ° 2
toh n 2
2_020_2_ (Amy)? E [ %l o (2t - my 4 2) — 1} E,exp [—a2< Yn T“J ,

myo b (myg My, /

n=|

then the error of the computation will be less than 0,04% of the general result, Therefore, in
practical computations of the freezing time the following formula can be used:

2 @®
T(my) = T, — 2,Am, + g’u— (Am,)? {Al — 2y 2 [(afzoxﬁ, 0

n=}

2
P Py B g Jeraston (o
b} for a less accurate determination of 7 one can use the formula
T(My,) = Ty — ZpAmy;
the error admitted here will be less than 5% of the result of computation from formula (15).

The results of computation of T from formula (15) for soils indicated in Table 1 are presented in Figs.
2 and 3.

In the determination of the freezing time of soil around a hole of radius Ry in formula (15) z;, must be
replaced by zjR{ and ak & =1, 2) by ak/R}.
From the results of the computation we conclude that:

1) the effect of the type of rock on the freezing time of soil islarger the greater the depth of freezing;

2) with the decrease of the temperature of the cooling agent the cooling time of the soil also de-
creases;

3) in the presence of variations of humidity of the soil the data of Fig. 3 can be used with a corre-
sponding displacement of the time line, since it follows from formula (15) that with the increase
of the moisture of the soil by a factor of k the growth of the freezing time of the soil also increases
by a factor of k,

NOTATION
Ry is the radius of the hole;
£ is the radius of the boundary between zones I and II;
R, is the outer radius of zone II;
to is the true temperature of the soil;
te is the temperature of the cooling agent;

ayand @, are coefficients of thermal diffusivity in zones I and II;
Ayand A, are coefficients of thermal conductivity in zones I and II;

W is the moisture content of the soil;
o is the latent heat of crystallization of water;
p is the density of the soil.
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